Let G = (V, E) be a finite simple undirected graph without K 2
G. Let χ(G) be the usual chromatic number of a graph G. For any graph G, χ la (G) ≥ χ(G). It was noted by S. Arumugam et al. [1] that the difference χ la (G) − χ(G) can be arbitrarily large as shown in the following theorem.
Theorem 1.2 ([1], 2017)
For any tree T with l leaves, χ la (T ) ≥ l + 1.
Also in [1] the local antimagic chromatic number of paths, cycles, friendship graphs, wheels, complete bipartite graphs were studied.
In this article we study the local antimagic vertex coloring of the corona product for graphs. The corona product of two graphs G and H is the graph G • H obtained by taking one copy of G along with |V (G)| copies of H, and via putting extra edges making the i-th vertex of G adjacent to every vertex of the i-th copy of H, where 1 ≤ i ≤ |V (G)|. See Figure 1 for example the corona product C 8 • K 2 for an 8-cycle C 8 and the null graph K 2 on two vertices. We denote K m as the complement graph of K m , which is called the null graph on m vertices. Also note that K 1 = K 1 . Note that in general the corona product operation is not commutative, i.e., G • H is not the same with H • G. The corona product for graphs was introduced by Frucht and Harary [4] in 1970.
In the following sections, we determine completely the local antimagic chromatic number χ la (G • K m ) for the corona product of a graph G with the null graph K m , when G is a path P n , a cycle C n , and a complete graph K n .
Corona Product of Paths with Null Graphs
2.1 The Chromatic Number of P n • K 1 Let us start with the graph corona product P n with K 1 as in Figure 2 , where the vertex set is V (P n • K 1 ) = {u 1 , u 2 , · · · , u n , d 1 , d 2 , · · · , d n } and the edge set is E(P n • K 1 ) = {u i u i+1 : 1 ≤ i ≤ n − 1} ∪ {u i d i : 1 ≤ i ≤ n}. In order to get the local antimagic chromatic number χ la (P n • K 1 ) of P n • K 1 , we study the upper bound and lower bound as in the following.
Lemma 2.1 χ la (P n • K 1 ) ≤ n + 2 for n ≡ 0 (mod 4) and n ≥ 4.
Proof.
Label the edges u i u i+1 , 1 ≤ i ≤ n − 1, as follows:
, 2 ≤ i ≤ n − 2, i even.
Label the edges u i d i , 1 ≤ i ≤ n, as follows:
Note that f (u 1 d 1 ) = 2n − 1, and f (u n d n ) = n. See the Figure 2 for the edge labeling. Then the vertex sums(colors) w(u i ) for u i , 1 ≤ i ≤ n, are respectively 2n + n 2 − 1 for odd i, and 2n + n 2 + 1 for even i, except the case i = n whose vertex sum is n+1. Notice that these two colors are distributed alternatively, and also distinct with those colors on pendent vertices since both are greater than 2n − 1. On the other hand, the color n + 1 of u n is repeated with that of u 3 . Therefore the coloring we adopt here is a proper vertex coloring with n + 2 colors, thus χ la (P n • K 1 ) ≤ n + 2 and the proof is done. Figure 2 : The edge labeling of P n • K 1 for n ≡ 0 (mod 4) Lemma 2.2 χ la (P n • K 1 ) ≤ n + 2 for n ≡ 2 (mod 4) and n ≥ 6.
Note that f (u 1 d 1 ) = 2n − 2, and f (u n d n ) = n + 1. See the Figure 3 for the edge labeling. Then the vertex sums(colors) w(u i ) for u i , 1 ≤ i ≤ n, are respectively 2n + n 2 − 2 for odd i, and 2n + n 2 + 2 for even i, except for the case i = n the vertex sum is n + 2. Notice that these two colors are distributed alternatively, and also distinct with those colors on pendent vertices since both are greater than 2n − 1. On the other hand the vertex sum(color) n + 2 of u n is repeated with that of u 5 . Therefore the coloring we adopt here is a proper vertex coloring with n+ 2 colors, thus χ la (P n • K 1 ) ≤ n+ 2 for n ≡ 2 (mod 4), n ≥ 6, and the proof is done. Lemma 2.3 χ la (P n • K 1 ) ≤ n + 2 for n ≡ 1 (mod 2) and n ≥ 3.
. See the Figure 4 for the edge labeling for odd n. Then the vertex sums(colors) w(u i ) for
for odd i, except for the case i = 1, n, and 2n + for even i. Note that first the vertex sum at u 1 is n + n+1 2
, which is repeated with that of some d j , if n ≥ 3. Also note that the vertex sum at u n is 2n − 1, which is repeated with that of d n−1 . Therefore the coloring we adopt here is a proper vertex coloring with n + 2 colors, thus χ la (P n • K 1 ) ≤ n + 2 for odd n, n ≥ 3, and the proof is done.
Note that the edges are labeled with 1, 2, · · · , 2n − 1. Suppose χ la (P n •K 1 ) = n+1 and there are k of n upper vertex sums(colors) w(u 1 ), w(u 2 ), · · · , w(u n ) are repeated with some of the lower vertex sums(colors)
Note that the number of edges incident with the k vertices with repeated upper vertex sums(colors) is n + k − 1, since the number of edges not incident with these k vertices is n − k. Let the total sum of the these k repeated vertex sums be σ, then we see that σ ≤ k(2n − 1) since each of the k vertex sums are repeated with some w(d j ) which is ≤ 2n − 1. On the other hand σ ≥ 1+2+· · ·+(n+k−1) if we use the smallest labels from those of edges incident with the k vertices with repeated upper vertex sums(colors). Combining the above two inequalities we have k(2n − 1) ≥ 1 + 2 + · · ·+ (n + k − 1), which implies k = n or k = n − 1. However k = n means χ la (P n • K 1 ) = n, which is out of scope. Therefore it remains k = n − 1, which we claim to reach a contradiction. The reason is that if k = n−1, we have only one non-repeated new vertex sum(color) w(u i ) at u i for some i, so that f Note that there are two cases for u i :
In this case note that each of the n − 1 repeated vertex sums(colors) is no greater 2n − 1. Look at the edge labeled 2n − 2, the only possibility is joining it with another edge labeled with 1 and make another degree two vertex sum. Then next look at the edge labeled 2n − 3, the only possibility is joining it with another edge labeled with 1 or 2 respectively, otherwise it will be greater than 2n − 1. But one end vertex of the edge labeled 2n − 3 is of degree 3, a contradiction.
Similarly in this situation we have two degree two vertex sums as 2n − 2 with 1 and 2n − 3 with 2. Then look at the edge labeled 2n − 4, the only way to place it is to join with two other edges labeled 1 and 2, but 1 and 2 are already used, a contradiction. Thus k = n − 1 is impossible.
Note that P n • K 1 is a tree with n leaves. Thus χ la (P n • K 1 ) ≥ n + 2 since previously it was proved χ la (T ) ≥ l + 1 in case T is a tree with l leaves. Therefore we are done with the proof.
Therefore by previous results we have the following.
Note that we have two exceptions χ la (P 2 •K 1 ) = 3 and χ la (P 3 •K 1 ) = 4(see Figure 6 ). That is, P 2 • K 1 and P 3 • K 1 belong to the class of trees T such that χ la (T ) = l + 1, where l is the number of leaves of T , while P n • K 1 belongs to the class of trees T such that χ la (T ) = l + 2 for n ≥ 4.
The Chromatic Number of
Now we are in a position to proceed to the general case. Note that for m ≥ 2 and n ≥ 2 the graph P n • K m has mn + n vertices, mn + n − 1 edges, and mn leaves. Generally we have the following.
Let us start with the following lemma for the lower bound of the local antimagic chromatic number.
Lemma 2.7 χ la (P n • K m ) ≥ mn + 2 for n ≥ 2 and m ≥ 2.
Proof.
The graph P n • K m has mn + n vertices and mn + n − 1 edges. The edges are labeled with 1, 2, · · · , mn + n − 1. Note that P n • K m is a tree with mn leaves, thus χ la (P n • K m ) ≥ mn + 1 due to Theorem 1.2. In order to show that χ la (P n • K m ) ≥ mn + 2, it suffices to prove that χ la (P n • K m ) = mn + 1.
Suppose χ la (P n • K m ) = mn + 1 and there are exactly k of n upper vertex sums(colors) w(u 1 ), w(u 2 ), · · · , w(u n ) are repeated with some of the lower vertex sums(colors)
Note that in this situation one can only have an extra new color(vertex sum) other than the mn lower vertex colors
and no two adjacent vertices for u i 's have the same color, thus it can be seen that ⌊
Note that the number of edges incident with the k vertices with repeated upper vertex sums(colors) is n + mk − 1, since the number of edges not incident with these k vertices is m(n − k). Let the total sum of the these k repeated vertex sums be σ, then we see that σ ≤ k(n + mn − 1) since each of the k vertex sums are repeated with some w(d j ) which is ≤ mn + n − 1.
On the other hand σ ≥ 1+2+· · ·+(n+mk−1) if we use the smallest labels from those of edges incident with the k vertices with repeated upper vertex sums(colors). Combining the above two inequalities we have k(n+mn−1) ≥ 1+2+· · ·+(n+mk−1), which is a contradiction via the following calculation:
which is positive since 1 ≤ ⌊ n 2 ⌋ ≤ k ≤ n − 1 and m ≥ 2. Therefore we are done with the proof.
To obtain the upper bound for the chromatic number χ la (P n • K m ), we give the the following first for m = 2:
We need the following lemmas in oder to obtain the above result.
Lemma 2.9 χ la (P n • K 2 ) ≤ 2n + 2 for n ≡ 0 (mod 2) and n ≥ 2.
Assume the vertex set is 
Label the edges m i u i , 1 ≤ i ≤ n, as follows:
Label the edges m i d i , 1 ≤ i ≤ n, as follows:
Then the vertex sums(colors) w(m i ) for m i , 1 ≤ i ≤ n, are respectively 4n − 1 for odd i, and 13n 2 − 3 for even i. Therefore the coloring we adopt here is a proper vertex coloring with 2n + 2 colors, thus the proof is done.
Lemma 2.10 χ la (P n • K 2 ) ≤ 2n + 2 for n ≡ 1 (mod 2) and n ≥ 3.
Again assume the vertex set is 
Then the vertex sums(colors) w(m i ) for m i , 1 ≤ i ≤ n, are respectively 4n for odd i, and
for even i. Therefore the coloring we adopt here is a proper vertex coloring with 2n + 2 colors, thus the proof is done.
Next we proceed to calculate the general case P n • K m for m ≥ 3. Let us start with m even, m ≥ 4 as in the following.
With labels used in Lemma 7 and Lemma 8, we give the labeling 1, 2, · · · , 3n− 1 to the edges u i u i+1 , 1 ≤ i ≤ n − 1 and u i d j i : 1 ≤ i ≤ n, 1 ≤ j ≤ 2 for the subgraph P n • K 2 first, so that the partial vertex sums at u i is 4n − 1 for odd i, and 13n 2 − 3 for even i whenever n is even, and 4n for odd i, and 13n−1 2 for even i whenever n is odd, respectively.
Then we give the edge labels 3n, 3n + 1, · · · , mn + n − 1 to the remaining edges as follows whenever 1 ≤ i ≤ n and 3 ≤ j ≤ m:
Therefore it can be calculated the vertex sums at u i is (
for odd i, and (
for even i whenever n is even, and (
for even i whenever n is odd, respectively. Thus we obtain two new colors(vertex sums) other than those over leaves. We are done with the proof.
Then we consider the case m odd, m ≥ 3 as in the following. There are two subcases for n odd and n even respectively. Lemma 2.12 χ la (P n • K m ) ≤ mn + 2 for m, n odd, m ≥ 3 and n ≥ 3.
Proof. Assume the vertex set is
We first give the labeling 1, 2, · · · , 4n−1 to the edges
Label the edges u i d
, i even.
So the partial vertex sums at u i is 9n − 3 for odd i, and 8n − 3 for even i respectively. Then secondly we give the edge labels 4n, 4n + 1, · · · , mn + n − 1 to the remaining edges as follows whenever 1 ≤ i ≤ n and 4 ≤ j ≤ m:
Label the edges u i d , i = n.
So the partial vertex sums at u i is 7n − 4 for odd i, and 10n − 1 for even i respectively. Then secondly we give the edge labels 4n, 4n + 1, · · · , mn + n − 1 to the remaining edges as follows whenever 1 ≤ i ≤ n and 4 ≤ j ≤ m:
for even i, respectively. Thus we obtain two new colors(vertex sums) other than those over leaves. We are done with the proof. Therefore we conclude with the following. Theorem 2.14 χ la (P n • K m ) = mn + 2, for m ≥ 2, n ≥ 2. Then we proceed with general cases. Lemma 3.2 χ la (C n • K 1 ) ≤ n + 2 for n ≡ 1 (mod 2) and n ≥ 5.
Corona Product of Cycles with Null

Proof.
Note that f (u n u 1 ) = n+1 2
. Then label the edges u i d i , 1 ≤ i ≤ n, as follows:
Note that f (u n d n ) = n + 1. See the Figure 10 for the edge labeling for odd n. , which is not repeated with that of u n−1 and d n for n ≥ 5. Also notice that the vertex sum at u n is the same with that of some d j . Therefore the coloring we adopt here is a proper vertex coloring with n + 2 colors, thus χ la (C n • K 1 ) ≤ n + 2 for n ≡ 1 (mod 2), n ≥ 5, and the proof is done. Lemma 3.3 χ la (C n • K 1 ) ≤ n + 2 for n ≡ 0 (mod 2) and n ≥ 6.
Note that f (u n u 1 ) = 1. Then label the edges u i d i , 1 ≤ i ≤ n, as follows: Note that f (u n d n ) = n + 2. See the Figure 11 for the edge labeling for odd n.
Then the vertex sums(colors) w(u i ) for u i , 1 ≤ i ≤ n, are respectively , which is not repeated with that of u 2 and d 1 for n ≥ 6. Also notice that the vertex sum at u 1 is the same with that of some d j since n ≥ 6. On the other hand, w(u n ) = n + 5 is the same with w(d 5 ). Therefore the coloring we adopt here is a proper vertex coloring with n + 2 colors, thus χ la (C n • K 1 ) ≤ n + 2 for even n, n ≥ 6, and the proof is done.
Note that there are 2n edges for the graph C n •K 1 , and the local antimagic chromatic number χ la (C n • K 1 ) ≥ n since it has n pendent vertices with different vertex sums(colors).
First we suppose that χ la (C n • K 1 ) = n. Then may see that the vertex sums(colors) w(u 1 ), w(u 2 ), · · · , w(u n ) are repeated with some w(d j )'s so that w(u i ) ≤ 2n for each i, which is impossible. The reason is that, for the particular vertex u i incident with the edge labeled 2n, the vertex sum w(u i ) must be greater than 2n.
Then consider the case χ la (C n •K 1 ) = n+1 and suppose that there are k of n upper vertex sums(colors) w(u 1 ), w(u 2 ), · · · , w(u n ) are repeated with some of the lower vertex sums(colors) w(d 1 ), w(d 2 ), · · · , w(d n ). That is, there are k of u i 's for which w(u i ) = w(d j ) for some j. Note that the number of edges incident with the k vertices with repeated upper vertex sums(colors) is n + k, since the number of edges not incident with these k vertices is n − k. Let the total sum of the these k vertex sums be σ, then we see that σ ≤ k(2n) since each of the k vertex sums are repeated with some d j which is ≤ 2n. On the other hand σ ≥ 1 + 2 + · · ·+ (n + k) if we use the smallest labels from those of edges incident with the k vertices with repeated upper vertex sums(colors). Combining the above two inequalities we have k(2n) ≥ 1 + 2 + · · · + (n + k), which implies (n − k) 2 + n + k ≤ 0, a contradiction. Therefore χ la (C n • K 1 ) ≥ n + 2 for n ≥ 4, the proof is done. Now we are in a position to proceed to the general case. Note that for m ≥ 2 and n ≥ 3 the graph C n • K m has mn + n vertices, mn + n edges, and mn leaves.
With the similar method in Lemma 2.7, we have the following lemma for the lower bound of the local antimagic chromatic number. Lemma 3.6 χ la (C n • K m ) ≥ mn + 2 for n ≥ 3 and m ≥ 2.
Then we turn to the upper bounds of the chromatic numbers. Let us start with the graph C n •K 2 (see Figure 13) . Suppose the vertex set is V (C n •K 2 ) = {m 1 , · · · , m n } ∪ {u 1 , · · · , u n } ∪ {d 1 , · · · , d n } where {m 1 , · · · , m n } are vertices of degree four inducing the cycle C n , and u i , d i are pendent vertices for each 1 ≤ i ≤ n. The edge set is {m i m i+1 :
Label the edges over the cycle m i m i+1 , 1 ≤ i ≤ n − 1, as follows:
Also label f (m n m 1 ) = 1. Then label the edges m i u i , 1 ≤ i ≤ n, as follows:
Then the vertex sums(colors) w(m i ) for m i , 1 ≤ i ≤ n, are respectively 4n + 2 for odd i, and 6n + 2 for even i. Therefore the coloring we adopt here is a proper vertex coloring with 2n + 2 colors, thus χ la (C n • K 2 ) ≤ 2n + 2 and we are done.
Then the vertex sums(colors) w(m i ) for m i , 1 ≤ i ≤ n, are respectively 5n+6 for odd i except i = n, and 5n+7 for even i. Note that w(m n ) = 3n+13 2 , which is between n + 3 and 3n whenever n ≥ 5 and is repeated. Therefore it can be easily checked that the vertex coloring we adopt here is a proper one with 2n + 2 colors, thus χ la (C n • K 2 ) ≤ 2n + 2 and we are done.
Combining previous lemmas we may obtain the following fact for C n • K 2 . Theorem 3.9 χ la (C n • K 2 ) = 2n + 2 for n ≥ 4.
Note that we have the following exception for χ la (C n • K 2 ) as n = 3. Lemma 3.10 χ la (C 3 • K 2 ) = 9. Proof. Assume the vertices of Figure 15 . Note that the colors at m 1 , m 2 , m 3 must be distinct. Suppose χ la (C 3 • K 2 ) is 8 or less. Hence the color at some m i is repeated with those over leaves u j and d k . We see that the color(vertex sum) at m i ≥ 1 + 2 + 3 + 4 = 10 with the smallest possible edge labels, however the largest edge label is 9, a contradiction. Therefore the chromatic number χ la (C 3 • K 2 ) is at least 9.
In fact generally we have the following for
Proof. Again assume the vertices of the subgraph C 3 of C 3 •K 2 are m 1 , m 2 , m 3 . Note that the colors at m 1 , m 2 , m 3 must be distinct. Suppose χ la (C 3 • K m ) is 3m + 2 or less. Hence the color at some m i must be repeated with those over leaves. We see that the color(vertex sum) at m i ≥ 1 + 2 + · · · + (m + 2) = (m+3)(m+2) 2
with the smallest possible edge labels, however the largest edge label is 3m + 3, a contradiction since (m+3)(m+2) 2 > 3m + 3 for m ≥ 2. Therefore the chromatic number χ la (C 3 • K m ) is at least 3m + 3. It is clear one may label C 3 • K m so that it is local antimagic, thus χ la (C 3 • K m ) ≤ 3m + 3. We are done with the proof. Now we turn to more general cases. First we obtain the following results for χ la (C n • K m ) whenever n is even.
Lemma 3.12 χ la (C n •K m ) ≤ mn+2 for n even, n ≥ 4, and m even, m ≥ 4.
Proof. Assume the vertex set is
With the method used in Lemma 3.7, we first give the labeling 1, 2, · · · , 3n to the edges u i u i+1 , 1 ≤ i ≤ n − 1, u n u 1 , and
Then the partial vertex sums at u i is 4n + 2 for odd i, and 6n + 2 for even i respectively.
Then secondly we give the edge labels 3n + 1, 3n + 2, · · · , mn + n to the remaining edges as follows whenever 1 ≤ i ≤ n and 3 ≤ j ≤ m:
Therefore it can be calculated the vertex sums at u i is ( for even i, respectively. Thus we obtain two new colors(vertex sums) other than those over leaves. We are done with the proof.
Similarly we have the following. Lemma 3.13 χ la (C n • K m ) ≤ mn + 2 for n even, n ≥ 4 and m odd, m ≥ 3.
Label the edges over the cycle via f (u n u 1 ) = 1 and u i u i+1 , 1 ≤ i ≤ n − 1, as follows:
Label the edges over u i d j i for 1 ≤ j ≤ 3 as follows:
Therefore it can be calculated the partial vertex sums at u i is 13n+2 2 + 2 for odd i, and 21n+2 2 + 3 for even i, respectively. Then secondly we give the edge labels 4n + 1, 4n + 2, · · · , mn + n to the remaining edges as follows whenever 1 ≤ i ≤ n and 4 ≤ j ≤ m:
Then it can be calculated the vertex sums at u i is (
)n + for even i, respectively. Thus we obtain two new colors(vertex sums) other than those over leaves. We are done with the proof.
For odd cycles C n , n ≥ 5, we have the following lower bounds.
Lemma 3.14 χ la (C n • K m ) ≥ mn + 3 for n odd and n < (m+2)(m+3) 2(m+1)
, m ≥ 1.
Proof. Assume the vertex set of
Note that there are mn + n edges.
By Lemma 3.6 we see a lower bound of χ la (C n • K m ) is mn + 2. Assume that χ la (C n • K m ) = mn + 2, that is there are two more new colors(vertex sums) other than those over mn leaves in this case. Since n is odd, there must be at least one repeated color, say w(u i ) = w(d . Therefore we see that if n < (m+2)(m+3) 2(m+1)
, the local antimagic vertex coloring number χ la (C n • K m ) ≥ mn + 3.
Note that from the above Theorem 3.11 and the Lemma 3.14, we have the following table of lower bounds of local antimagic coloring numbers for smaller m's and n's. On the other hand we obtain the upper bounds for C n • K m as follows, where n is odd. Lemma 3.15 χ la (C n • K m ) ≤ mn + 3 for n odd, n ≥ 5, and m odd, m ≥ 3.
Label the edges over the subgraph C n •K 1 with 1, 2, · · · , 2n as in Lemma 3.2. Therefore it can be calculated the partial vertex sums at u i is 5n+7 2
for odd i = n, for even i, respectively. Then secondly we give the edge labels 2n + 1, 2n + 2, · · · , mn + n to the remaining edges as follows whenever 1 ≤ i ≤ n and 2 ≤ j ≤ m:
for i = n, and (
for even i, respectively. Thus we obtain three new colors(vertex sums) other than those over leaves. We are done with the proof. Label the edges over the subgraph C n •K 2 with 1, 2, · · · , 3n as in Lemma 14. Therefore it can be calculated the partial vertex sums at u i is 5n + 6 for odd i = n, for i = n, and 5n + 7 for even i, respectively. Then secondly we give the edge labels 3n + 1, 3n + 2, · · · , mn + n to the remaining edges as follows whenever 1 ≤ i ≤ n and 3 ≤ j ≤ m:
f (u i d for even i, respectively. Thus we obtain three new colors(vertex sums) other than those over leaves. We are done with the proof.
To summarize with previous observations, we have the following results.
Theorem 3.17 For each odd cycle C n , n ≥ 5, the local antimagic chromatic number χ la (C n • K m ) = mn + 3 except finitely many m's.
As seen in Lemma 3.14 and the associated table, we may precisely have χ la (C 5 • K m ) = mn + 3 for m ≥ 6, also mn + 2 ≤ χ la (C 5 • K m ) ≤ mn + 3 for 3 ≤ m ≤ 5. The next one is χ la (C 7 • K m ) = mn + 3 for m ≥ 10, also mn + 2 ≤ χ la (C 7 • K m ) ≤ mn + 3 for 3 ≤ m ≤ 9 and so on. 
Proof.
The corona product graph K n • K 1 has 2n vertices and After simplification one has m(m − 1) ≤ 0, which is a contradiction since m ≥ 2. We are done with the proof.
Concluding Remarks
In this article among others we determine completely the local antimagic chromatic number χ la (G • K m ) for the corona product of a graph G with the null graph K m on m ≥ 1 vertices, when G is a path P n , a cycle C n , and a complete graph K n . Just recently G.C. Lau, H.K. Ng, W.C. Shiu [7, 8, 9] and S. Shaebani [10] respectively studied the concept local antimagic chromatic numbers for various classes of graphs for join products. More variants of the concept extended to edge coloring and total coloring can be explored.
